Abstract The effect of interfacial slip on steady-state and time-periodic flows of monatomic liquids is investigated using non-equilibrium molecular dynamics simulations. The fluid phase is confined between atomically smooth rigid walls, and the fluid flows are induced by moving one of the walls. In steady shear flows, the slip length increases almost linearly with shear rate. We found that the velocity profiles in oscillatory flows are well described by the Stokes flow solution with the slip length that depends on the local shear rate. Interestingly, the rate dependence of the slip length obtained in steady shear flows is recovered when the slip length in oscillatory flows is plotted as a function of the local shear rate magnitude. For both types of flows, the friction coefficient at the liquid-solid interface correlates well with the structure of the first fluid layer near the solid wall.
Introduction
The rational design of micro-and nanofluidics devices requires an accurate prediction of time-dependent flows at the submicron scales (Karniadakis et al. 2005) . It is well recognized that fluid flows in confined systems can be significantly affected by slip boundary conditions. The velocity discontinuity is usually quantified via the slip length, which is defined as an extrapolated distance with respect to the liquid-solid interface to the point where the relative tangential velocity component vanishes. At sufficiently high oscillation frequencies, the fluid slip velocity might not be in phase with the substrate velocity, and, therefore, the slip length in general is a complex number (Willmott and Tallon 2007; Ng and Wang 2011) . Oscillatory flows with slip boundary conditions of Newtonian liquids were studied experimentally using quartz crystal microbalance (Ferrante et al. 1994; Ellis and Hayward 2003; Du et al. 2004 ). Molecular dynamics (MD) simulations are particularly well suited to investigate the effects of materials properties of liquid-solid interfaces on flow boundary conditions (Bocquet and Barrat 2007; Li et al. 2010) .
A direct comparison between MD simulations and continuum analysis of steadystate flows over chemically textured (Priezjev et al. 2005; Qian et al. 2005; Priezjev 2011 ) or periodically corrugated (Priezjev and Troian 2006; Niavarani and Priezjev 2008a ) surfaces has indicated that there is an excellent agreement of the velocity profiles and the effective slip lengths when the typical length scale of substrate inhomogeneities is about an order of magnitude larger than the molecular size. In the case of time-dependent flows, the main difficulty in extracting flow properties using MD simulations is that averaging over thermal fluctuations has to be repeated over many cycles, which often requires significant computational recourses.
The MD simulations of oscillatory flows of monatomic and polymeric fluids have shown that the velocity profiles with no-slip boundary conditions can be well described by the continuum mechanics (Khare et al. 2001) . The flow profiles with a finite slip velocity in oscillatory flows were reported at low fluid densities and weak wall-fluid interactions (Hansen and Ottesen 2006; Hansen et al. 2007 ). More recently, it was shown that the slip length depends on the magnitude and gradient of shear rate near the oscillating wall, and the fluid slip velocity lags the wall velocity, thus leading to a hysteresis loop (Thalakkottor and Mohseni 2012) .
However, the dependence of the slip length on the local shear rate or oscillation frequency and amplitude has not yet been systematically investigated.
Molecular dynamics simulations by Thompson and Troian (1997) have shown that in steady shear flow of Netwonian liquids over atomically smooth crystalline surfaces, the slip length is constant at relatively low shear rates and it increases nonlinearly at higher rates. Later, the nonlinear shear rate dependence of the slip length was repeatedly observed in MD studies (Priezjev and Troian 2004; Yang and Fang 2005; Priezjev 2007a; Asproulis and Drikakis 2010; Niavarani and Priezjev 2010; Wang and Zhao 2011a; Pahlavan and Freund 2011; Wang and Zhao 2011b; Kannam et al. 2012; Priezjev 2012) . It was also found that the slip length varies almost linearly with shear rate when liquid and solid phases form incommensurable structures at the interface and the wall-fluid interaction energy is sufficiently high (Priezjev 2007a,b) . More recently, it was demonstrated that the characteristic slip velocity associated with the onset of the nonlinear slip regime correlates well with the diffusion time of fluid monomers over the distance between the nearest minima of the periodic surface potential at equilibrium (Priezjev 2010) . One of the motivations of the present study is to examine whether shear rate dependent slip boundary conditions observed in steady-state flows are valid for time-dependent flows.
For steady-state flows, a number of previous MD studies have established a correlation between the degree of slip and fluid structure induced by the periodic surface potential (Thompson and Robbins 1990; Barrat and Bocquet 1999; Priezjev 2007a; Niavarani and Priezjev 2008b; Priezjev 2009 Priezjev , 2010 Zhang et al. 2012 ). In particular, it was shown that for atomically smooth, weakly attractive surfaces, the friction coefficient at the liquid-solid interface is well described by a function of the product of the main peak in the static structure factor and the contact density, both evaluated in the first fluid layer (Priezjev 2010) . However, the situation is less clear for time-dependent flows where the surface-induced fluid structure and boundary slip might have a phase difference (especially at high oscillation frequencies), and the conclusions obtained for steady-state flows might not be valid. In the present study, we performed a comparative analysis of the fluid structure and the friction coefficient for steady-state and time-periodic flows.
In this paper, non-equilibrium steady-state and time-periodic molecular dynamics simulations are performed to investigate Couette flows with slip boundary conditions. First, the rate dependence of the slip length is computed in steady shear flows. Then, the velocity profiles in oscillatory flows are compared with the Stokes flow solutions in a wide range of frequencies. We find that the slip length as a function of the local shear rate estimated at the stationary and oscillating walls is in good agreement with the results obtained for steady flows. We will also show that, for both types of flows, the friction coefficient at the liquid-solid interface correlates well with the structure of the fluid layer in contact with the solid wall.
The rest of the paper proceeds as follows. In the next section, the details of molecular dynamics simulations are described. In Sect. 3, we briefly review the Stokes flow solution for oscillatory Couette flows, present the results for steadystate shear flows, and then analyze the velocity and density profiles, slip length, and fluid structure in oscillatory flows. Conclusions are given in the last section.
Molecular dynamics simulation model
The model system consists of N f = 4608 fluid monomers confined between rigid atomistic walls as shown in Fig. 1 . The pairwise interaction between any two fluid monomers is modeled by the Lennard-Jones (LJ) potential
where ε and σ are the energy and length scales, and the cutoff radius r c = 2.5 σ. In our simulations, the same parameters are used to describe the interaction between fluid monomers and wall atoms; namely, ε wf = ε, σ wf = σ, and r c = 2.5 σ. The wall atoms are fixed rigidly at the lattice sites and do not interact with each other.
The viscous heating generated in the oscillating flow was removed by means of the Langevin thermostat, which was coupled only to the equation of motion perpendicular to the plane of shear as follows:
where Γ = 1.0 τ −1 is the friction coefficient and f i is a random force with zero mean and variance (Thompson and Robbins 1990) . In our setup, the temperature of the Langevin thermostat is set T L = 1.1 ε/k B , where except that in the present study the system size in theŷ direction is slightly larger.
In steady shear flows, the fluid viscosity µ = (2.15 ± 0.15) ετ σ −3 was found to be shear rate and temperature independent forγτ 0.072 and 1.1 T k B /ε 1.35 (Niavarani and Priezjev 2010) .
To simulate the oscillatory Couette flow, the upper wall velocity was varied in thex direction with the angular frequency ω and amplitude U , while the lower wall always remained stationary. In the present study, the oscillation frequency was set ωτ = 10 −1 , 10 −2 , 10 −3 , and 10 −4 (see Table 1 ). Before the averaging procedure, the steady-periodic flow was equilibrated during the time interval of about 5 × 10 4 τ . The measurements of the velocity, density, and temperature profiles were made at discrete times ωt n = n π/4 + 2 π m, where n = 0, 1, ..., 7 and m is the integer. These profiles were averaged within horizontal bins of thickness ∆z = 0.01 σ during the time interval T /100, where T = 2 π/ω is the period of oscillation.
A typical simulation time at low shear rates is about 1.2 × 10 6 τ .
Results

Hydrodynamic predictions
The problem of fully-developed oscillatory viscous flow confined between two parallel walls with slip boundary conditions was considered analytically by Khaled and Vafai (2004) and Matthews and Hill (2009) . Below, we briefly review the problem and its solution for the flow geometry depicted in Fig. 1 . Thex-component of the momentum equation (parallel to the walls) is given by
where µ and ρ are the fluid viscosity and density. The boundary conditions at the top and bottom walls are specified as follows:
where U is the amplitude and ω is the frequency of oscillation. The slip lengths at the upper and lower walls L 1 = L 2 are assumed to be constant (Matthews and Hill 2009) . We note that the special case L 1 = L 2 was considered by Khaled and Vafai (2004) .
The solution of the problem Eq. (5) subject to the boundary conditions Eqs. (6-7) is given by
where
which in turn are defined as follows:
and K = ωρ/2µ. In Sect. 3.3, the velocity profiles obtained from MD simulations will be fitted to Eq. (8) with the parameters L 1 and L 2 .
Steady shear flows
The simulations were first performed at steady-state flow conditions when the upper wall was translated with a constant velocity, while the lower wall always remained stationary. The upper wall velocity was varied in the range 0.025 σ/τ U 6.5 σ/τ . The lower limit was chosen to reduce the averaging time due to thermal fluctuations, while the upper limit was set to avoid the nonlinear slip regime at very high shear rates when the slip velocity becomes much larger than the fluid thermal velocity (Niavarani and Priezjev 2010) . In the present study, the maximum slip velocity and shear rate in steady shear flows are about 1.59 σ/τ and 0.14 τ −1 , respectively, which provide an upper estimate of the Reynolds number Re ≈ 29.5. It was previously shown for slip flows over periodically corrugated surfaces that the inertia term in the Navier-Stokes equation produces a noticeable difference in the slip length at higher Reynolds numbers of about 130 (Niavarani and Priezjev 2008a) .
The representative velocity and density profiles for the upper wall speeds U = 0.1 σ/τ and U = 4.0 σ/τ are plotted in Fig. 2 . As expected, the fluid density profiles exhibit pronounced oscillations near solid walls that gradually decay to the uniform bulk value. The magnitude of the first density peak defines the contact density ρ c . Notice that the amplitude of the density oscillations is slightly reduced at the higher upper wall speed U = 4.0 σ/τ . The corresponding velocity profiles, normalized by the upper wall speed, are linear throughout the channel and are characterized by the finite slip velocity at both walls. As clearly observed in Fig. 2 (b) , the relative slip velocity is larger at the higher upper wall speed. Also, it was shown previously for a similar MD setup, that the fluid temperature near the interfaces increases by about 10% at high shear rates (Priezjev 2007a,b) . The correlation between the contact density and fluid temperature in the first layer as a function of the slip velocity was recently reported for polymeric fluids in steady shear flows (Priezjev 2012 ).
For steady-state flows, the slip length was estimated from the linear extrapolation of the the velocity profiles to u x (z) = 0 below the lower wall and to u x (z) = U above the upper wall, and then the two values were averaged. The variation of the slip length as a function of shear rate is presented in the inset of Fig. 2 (a) . In agreement with the results of previous studies, where the behavior of the slip length was investigated in a wide range of shear rates and wall-fluid interaction energies (Priezjev 2007a,b) , the slip length increases almost linearly with shear rate when ε wf = ε. It is expected, however, that when the wall-fluid interaction energy is reduced (Priezjev 2007a) , then the magnitude of the slip length increases and its shear rate dependence can be well fitted by the power-law function proposed by Thompson and Troian (1997) . In the next section, the boundary conditions and fluid structure computed in steady shear flows will be compared with the results obtained for time-periodic flows.
Oscillatory Couette flows
We next consider oscillatory flows driven by the upper wall, u w x (t) = U sin(ωt), with frequencies ωτ = 10 −1 , 10 −2 , 10 −3 , and 10 −4 . The corresponding period and amplitude of oscillations, the Stokes boundary layer thickness, as well as the upper estimate of the Reynolds numbers are given in Table 1 . For each frequency, the amplitude of the velocity oscillation U was chosen such that the fluid slip velocity at the upper wall was always less than 1.5 σ/τ . As can be seen from Table 1, the thickness of the Stokes boundary layer is smaller than the channel width at higher frequencies ωτ = 10 −1 and 10 −2 . Nevertheless, the upper estimate of the Reynolds number, based either on the channel width or the Stokes layer thickness, is about 27.6, which is indicative of laminar flow conditions. In the present study, the smallest amplitude of the upper wall velocity was set U = 0.25 σ/τ in order to compute accurately the velocity profiles without excessive computational efforts. At the highest frequency ωτ = 0.1, the Stokes layer thickness is nearly three times smaller than the channel width (see Table 1 ), and, therefore, the velocity profiles near the stationary lower wall are not significantly affected by the moving upper wall, and, as a result, the interfacial shear rate at the lower wall remains relatively low (see Fig. 3 ). When ωτ = 0.01 in Fig. 4 , the Stokes layer thickness is approximately equal to the channel width, and the slip velocities and shear rates at the upper and lower walls become comparable. Furthermore, at lower frequencies, ωτ = 10 −3 and 10 −4 , the flows appear to be quasi-steady and the velocity profiles are nearly linear throughout the channel (see Figs. 6 and 7) . At the lowest frequency ωτ = 10 −4 , the velocity profiles are almost indistinguishable when the magnitude of the upper wall velocity is the same (e.g., when ωt = π/4 and 3 π/4
in Fig. 7 ). Notice also that in all cases except ωτ = 10 −4 , the velocity profiles at times ωt = 0 and π are symmetrical to each other with respect to the line u x = 0 and the fluid slip velocity is not zero, indicating that the fluid and the upper wall oscillate with the same frequency but with a finite phase difference, which is in agreement with the MD results by Thalakkottor and Mohseni (2012) .
The continuum solution for oscillatory slip flows Eq. (8) The deviation from the steady-state results in Fig. 8 is most pronounced at the highest frequency ωτ = 0.1 and the largest amplitude U = 2.0 σ/τ , when the magnitude of the wall acceleration is maximum, i.e., when ωt = 0 and π [see Table 2 and Fig. 5 (a) ]. Notice also that the MD velocity profiles near the upper wall develop pronounced oscillations at ωt = π/4, π/2, and 3 π/4 in Fig. 5 (a) . It can be further observed that, the data in Fig. 8 (a) are scattered at low shear rates because the velocity profiles near the lower wall are not significantly affected by the oscillating upper wall at the highest frequency ωτ = 0.1 (see Fig. 3 ), and the statistical errors due to thermal fluctuations become relatively large. Similarly, the averaged fluid velocity is nearly zero when ωt = 0 and π at the lowest frequency ωτ = 10 −4 (see Fig. 7) , and, as a result, both L s andγ are subject to statistical uncertainty whenγτ 0.005 in Fig. 9 (b) . Remember that, during each cycle, the data were averaged for the time interval T /100, and, thus, significantly longer averaging time is required to resolve accurately the velocity profiles in oscillating flows. It is expected, however, that with further averaging, the data in Figs. 8 and 9 for oscillatory flows at low shear rates will converge to the steady-state results.
In the case of slip flow over a planar, impermeable solid surface, the friction coefficient that relates the wall shear stress and slip velocity is equal k = µ/L s , when the slip length is computed by linear extrapolation of the velocity profile to zero velocity (Willmott and Tallon 2007) . However, at higher frequencies, as shown in Fig. 8 , the slip lengths L 1 and L 2 computed using Eq. (8) To avoid the uncertainty associated with fitting the velocity profiles, the friction coefficient in oscillatory flows was estimated from the relation σ xz (t n ) = k u s (t n ).
The wall shear stress σ xz (t n ) was computed as a ratio of the total tangential force between the fluid monomers and wall atoms to the wall area, and then averaged over the time interval T /100. At the same time, the slip velocity was calculated from the velocity and density profiles as follows:
where the integrals were taken over the width of the first peaks in the density profiles. Naturally, the fluid slip velocity at the oscillating upper wall is the difference between the velocity of the adjacent fluid layer and the upper wall speed.
As was shown in Fig. 2 (a) , in the presence of a solid substrate, the fluid monomers tend to form several distinct layers that are gradually decaying to a uniform bulk density. In addition to the density layering, the periodic surface potential typically induces an in-plane order within the adjacent fluid layers provided that the wall-fluid interaction energy is sufficiently high (Thompson and Robbins 1990) . The characteristic signature of such ordering is the appearance of several sharp peaks in the static structure factor, which is defined as follows:
where the sum is taken over N ℓ fluid monomers in the first layer and r j = (x j , y j ) is the position vector of the fluid monomer. These peaks are most pronounced at the first reciprocal lattice vectors of the underlying substrate (Thompson and Robbins 1990) . Examples of the averaged structure factor and its dependence on the slip velocity were previously reported by Priezjev (2007a) for a similar computational setup. More recently, it was shown for several liquid-on-solid systems that the friction coefficient in steady flows correlates well with the product of the normalized peak in the structure factor and the contact density of the first fluid layer (Priezjev 2010 ).
In the present study, the friction coefficient in oscillatory and steady-state flows is plotted in Figs. 10 and 11 as a function of the combined variable
where G 1 = (9.04 σ −1 , 0) is the first reciprocal lattice vector in the flow direction.
For both types of flows, the friction coefficient and the induced fluid structure are reduced at larger slip velocities. As is evident, the friction coefficient extracted from oscillatory flows agrees well with the the steady-state values, except that the data for periodic flows are scattered as small slip velocities, which is similar to the rate dependence of the slip length reported in Figs. 8 and 9 . Interestingly, the agreement at higher frequencies is much better for the friction coefficient (shown in Fig. 10 ) than for the slip length in Fig. 8 . Note also that at the highest frequency ωτ = 0.1, the period of oscillation T = 62.83 τ is about two orders of magnitude larger than the typical oscillation time of the LJ monomers; but nevertheless, the structure factor and the contact density are nearly the same as in steadystate flows. These results suggest that slip boundary conditions for high-frequency oscillatory flows are more accurately described by the dynamic friction coefficient rather than the slip length as a function of shear rate.
Conclusions
In this paper, we have investigated steady and oscillatory Couette flows with slip boundary conditions using molecular dynamics simulations. In both cases, the laminar flows were induced by the moving upper wall while the lower wall remained stationary. The simulations were performed in a wide range of oscillation frequencies; namely, when the Stokes boundary layer thickness is smaller than the channel width at the highest frequency, and, on the other hand, at lower frequencies that correspond to quasi-steady flows. For the chosen parameters, the liquid and solid phases form incommensurate structures at the interface, which is characterized by a finite slip length that increases almost linearly with shear rate.
We found that the velocity profiles computed in MD simulations are well described by the Stokes flow solution with the slip length as a fitting parameter that depends on the local shear rate. The rate dependence of the slip length obtained in steady-state shear flows is reproduced in oscillatory flows when the slip length is measured as a function of the absolute value of the local shear rate. The MD data for oscillatory flows at low shear rates are relatively noisy, which, however, is not surprising given that the velocity profiles were averaged over a small fraction of the period during each cycle. For both types of flows, the friction coefficient at the liquid-solid interface correlates well with the structure factor and the contact density of the first fluid layer. Table 1 The oscillation frequency ω (in units τ −1 ), the oscillation period T = 2 π/ω (in units τ ), the maximum amplitude of the upper wall velocity (in units σ/τ ), the upper estimate of the Reynolds number Remax = △U hρ/µ, the Stokes boundary layer thickness δ = 2 µ/ρ ω (in units σ), and the corresponding Reynolds number Re δ max = △U δρ/µ, when δ < h = 23.58 σ.
In the definition of the Reynolds numbers, △U is the maximum variation of the tangential fluid velocity component across the channel. Table 2 . Table 2 . The data for steady shear flows ( ) are the same as in the inset of 
